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Abstract
Three basic postulates for Quantum Theory are proposed, namely the
Probability, Maximum-Speed and Hilbert-Space postulates. Subsequently
we show how these postulates give rise to well-known and widely used
quantum results, as the probability rule and the linearity of quantum
evolution. The suggested postulates also enables us to criticize EPR el-
ements of reality under the Special Relativity philosophy itself and to
provide new comprehension of Bell’s theorem.
1 Introduction
Special Relativity theory and Quantum Mechanics are usually seen as indepen-
dent theories. They are even usually viewed as conflicting with each other, espe-
cially in the question of the locality/nonlocality nature of Quantum Theory. De-
spite this possible conflict a \peaceful coexistence" between both theories have
been explicitly recognized [1]. Here in the same spirit as [2] we propose three
postulates for Quantum Theory among which we include the relativity principle
of no faster-than-light speed transmission or alternatively no action-at-distance
principle. Thus we strengthen this peaceful coexistence to a necessary symbiosis
of both theories.
2 Postulates: General View
First we will very briefly enumerate our proposed postulates and subsequently
we will comment on them. We propose the following three postulates as the




1. Probability Postulate.- The physical results predicted by Quantum
Theory are probabilistic in nature, i.e. an observer only knows the prob-
ability of outcomes in any measurement done upon a quantum system.
2. Maximum-Speed Postulate.- Physical phenomena, whatever they are,
show an upper bound in their transmission speed.
3. Hilbert-Space Postulate.- It corresponds to every physical system,
whether simple or compound, a Hilbert space, dierent operators upon
which represent the state of the system and the physical quantities to be
measured.
It is obvious that the third one lacks of the same clear physical content as
the other two. In our opinion, this responds to the unconlusive question of the
denitive interpretation of Quantum Theory and suggests that advancement
in this direction should necessarily claries the physical meaning behind the
Hilbert-space formalism. Notice that the projection postulate has not been
included. We rmly believe this postulate not to be a milestone in the physics
behind Quantum Theory.
2.1 Probabilistic Postulate
The probability nature of Quantum Theory has been one of its most outstand-
ing features since its very creation. Here we will show how this distinguishing
feature, far from being just a philosophical question, is fundamental in its math-
ematical formalism, namely in the evolution of quantum systems. In particular
we will show in section 3 how probability plays a fundamental role to establish
the linearity of quantum deterministic evolution.
For probability formalism to be correctly applied we must make sure that
Kolmogorov’s axioms are satised, something which has already been done [3].
This enables us to use well-known probabilistic concepts and results as, in par-
ticular, conditional probability and the theorem on compound probabilities [4].
2.2 Maximum-Speed Postulate
This postulate is one of the milestones of the theory of Relativity, particularly of
the theory of Special Relativity. In this theory it has fundamental mathematical
consequences, namely, the Lorentz transformations between inertial frames, a
keystone both in electrodynamics and in any theory incorporating relativity
principles.
It should be remarked that this Maximum-Speed postulate also enters in
the foundations of Special Relativity, so there’s quantum-independent evidence
to claim that it is a rmly established physical principle. We very shortly
include how this postulate appears in the deduction of Lorentz transformations.
If we have two reference frames and investigate what the possible coordinate
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transformations are under the assumptions of homogeneity and isotropy of space
and time and the special relativity principle for inertial frames, we arrive at





y0 = y (1b)





where η is a positive constant with [Length]2[T ime]−2 dimensions, V is the
relative speed of the inertial frames and where we have chosen for concreteness
the X axis for the relative direction between the two frames. Once established
these coordinate transformations it is straightforward to realize that the exis-
tence of an upper bound for the velocity of any physical system, say c, determines
this constant [16]:
η = c2 (2)
Notice that this approach to Lorentz transformations not only singles out
the role played by the Maximum-Speed postulate but also do place Galilean
transformations under the same conceptual basis, the only dierence being this
postulate. In Newtonian space-time it is assumed that there’s no upper limit
for the velocity, so η = 1 and we recover from (1) the usual Galilean transfor-
mations.
There has been previous work in the direction of using this Maximum-Speed
principle as a fundamental postulate in Quantum Mechanics, in particular to
demonstrate that it forces the quantum deterministic evolution to be necessarily
linear [5, 2]. Here we will argue that such a proof is indeed inconsistent, but
nevertheless this postulate can shed some light in the locality/nonlocality ques-
tion posed by Bell’s inequalities and provide some insight into EPR theorem
and EPR elements of reality [6].
2.3 Hilbert-Space Postulate
This is beyond doubt the more mathematical postulate of the ones we propose
here. There’s no unanimous consensus about its physical meaning, this being
the origin of the dierent interpretations of the quantum formalism. Instead of
assuming any of these interpretations we have included it in its mathematical
form in order not to subrestipciously introduce hidden physical assumptions.
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This postulate is two-fold. Firstly it is usually assumed that the state of
quantum systems is represented by vectors in a Hilbert space. We will only
claim that there exists a mathematical object related to the Hilbert space which
describes the state of the system. On the other hand operators dened upon
the Hilbert space are associated with the physical quantities to be measured.
These operators are usually called observables whereas the measurable physical
quantities (naturally assumed as real numbers) are the elements of the spectrum
of these observables. Since the spectrum must be real, the operators are self-
adjoint. Notice how this formalim naturally includes the possibility of physical
quantities having discrete values, a characteristic feature of Quantum Mechan-
ics.
Notice that as it has already been remarked [7] the Hilbert space appears as
the fundamental element. Not restricting ourselves to state vectors presents a
double advantage: on one hand it enables us to deal with subsystems of com-
pound quantum systems and on the other hand it also allows us to embrace
statistical mixtures (ensembles) of quantum systems under the same mathe-
matical formalism.
3 Postulates: Immediate Results
The election of these postulates is justied with the following immediate results
which are readily obtained from them.
3.1 Probability Rule: Gleason’s Theorem
In standard textbooks (cf. e.g. [8]), besides adopting vectors in Hilbert space
as representing quantum systems it is also included as a postulate of Quantum
Mechanics that the probability of obtaining the result ak in measuring the ob-
servable A upon a quantum system in state jψi is Pr(ak;ψ) = jhakjψij2, where
jaki represents the eigenstate associated to the eigenvalue ak of the observable
A. But as a matter of fact this is not a postulate, since by Gleason’ theorem
[9] we know that every measure µ associated to an observable A has the repre-
sentation µ(ak) = tr(ρPk) where ρ is a density operator (positive, selfadjoint,
unit-trace operator) and Pk is a projector associated to ak (Pk = jakihakj).
In particular, if we are interested in dening a probability measure upon the
Hilbert space associated to a quantum system we will always be able to nd a
density operator ρ such that
Pr(ak) = tr(ρPak) (3)
This theorem, in our opinion, claries dierent fundamental aspects of the
widely used quantum formalism. First the density operator ρ is the mathe-
matical object associated to the Hilbert space of a quantum system which was
referred to in section 2.3. Secondly, notice that the use of the density operator
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formalism embraces the state vector representation as a particular case. This is
easily shown by noting that if ρ = jψihψj then
Pr(ak) = tr(jψihψjPak ) =
= tr(jψihψjjakihakj) =
= jhakjψij2 (4)
So that instead of using ρ we may use jψi to represent the state of the
system. The election between ρ and jψi is particularly irrelevant for single
systems, since there’s no dierence in the physical predictions. Notice that for
the time being we are not taking under consideration statistical mixtures of
states, so ρ represents a particular state of the system.
The advantage of using ρ is double. First it allows within the same mathe-
matical formalism the analysis of ensembles of states. This is due to the linearity
of both the trace and the multiplication operations. Suppose that a system is
known to be in state ρk with probability qk (k = 1, . . . , n). Obviusly
∑
k qk = 1.
Then the probability of nding the value aj of the observable A upon a mea-
surement on this system will be tr(ρkaj) with probability qk, so applying the

















k=1 qkρk is selfadjoint, positive and of unit trace, it is a density
operator. The dierence with the previously considered density operators stems
from the fact that ρ’s representing statistical mixtures are not idempotent, i.e.
ρ2 6= ρ (7)
whereas ρ’s of type ρ = jψihψj are. The nonidempotent density operators
represents mixture states whereas the idempotent ones are said to represent
pure states.
The second advantage appears in the study of compound systems. As we
have stated in the Hilbert-space postulate any physical system, whether simple
or compound, is associated to a Hilbert space. So as it has been stated in section
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2.3 we must associate a Hilbert space to a, say, double-compound system H12
and its corresponding observables are selfadjoint operators upon H12. But com-
pound means made up of simpler entities, which following the same postulate
should be associated to Hilbert spaces H1 and H2, so it is natural to use the
tensor product to build up the Hilbert space H12 associated to the compound
system: H12 = H1 ⊗ H2, since the tensor product conserves both the linear
structure and the scalar product necessary to have a Hilbert space.
Now the advantage of density operators over state vectors is rooted in the
fact that whereas in the latter formalism it is impossible to nd a state vector
describing the state of one of the subsystems, using density operators it is always
possible to nd another density operator describing the state of a subsystem.
This is achieved by resorting to the well-known partial trace operation:
ρ1 = tr2ρ12 ρ2 = tr1ρ12 (8)
Finally the derivation of the quantum probability rule has also been at-
tempted in the context of particular interpretations of Quantum Mechanics,
but these eorts have already been proven to be wrong [10], Gleason’s theorem
being a fundamental result in this respect. The necessity to introduce a prob-
ability measure is inevitable (cf. [10]), something which we have assumed in
postulate 1.
Notice that all these considerations have been made only resorting to postu-
lates 1 and 3, no further physics has been introduced beyond the one contained
in these assumptions.
3.2 Linear Deterministic Evolution
So far we have not introduced any axiom relating to the dynamics of quantum
systems. In this section we will consider the restrictions upon this dynamics
imposed by the previous postulates. To study the dynamics of a quantum
system we dene a family of (super)operators ftg with t  0 that carries the
state of a system from a state ρ0 at an initial time t0 to a state described by ρt
at time t, i.e. t(ρ0) = ρt. Then it can be proven the following
Theor. 3.1. Under postulates 1 and 3, the family of superoperators ftgt0
denoting the dynamics of a quantum system satisfies the relation
t(q1ρ1 + q2ρ2) = q1t(ρ1) + q2t(ρ2) (9)
for every convex linear combination q1ρ1 + q2ρ2 of idempotent density operators
ρ1 and ρ2.
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Proof. Let’s proceed by parts. Let the quantum system described by ρ be a
closed system. Postulate 1 states that the physical information we obtain from
a quantum system is the probability of getting a certain (eigen)value of an
observable, say A. If the system is in a state q1ρ1 + q2ρ2, then by postulate 3
and Gleason’s theorem the probability of measuring the value aj at the initial
time is tr[(q1ρ1 + q2ρ2)Paj ] and at a time t is tr[t(q1ρ1 + q2ρ2)Paj ]. Now since
the system is closed q1ρ1 + q2ρ2 necessarily represents a statistical mixture of a
system in state ρ1 with probability q1 and in state ρ2 with probability q2, thus
the probability of getting the value aj is given by the theorem on compound
probabilities and the linearity of the trace operation tr[(q1t(ρ1)+q2t(ρ2))Paj ].
We then conclude that t(q1ρ1 + q2ρ2) = q1t(ρ1) + q2t(ρ2).
Let now the quantum system described by ρ be an open system. Then as
it is proven in [5, 11] its corresponding density operator ρ  ρS can always be
obtained by enlarging its Hilbert space HS adjoining an auxiliary Hilbert space
Haux in such a way that ρS = trauxρS,aux, where ρS,aux is the density operator
corresponding to HS ⊗ Haux. This settles the impossibility of distinguishing
proper from improper mixtures [7] by local operations. The adjoining is made
in such a way that the system plus the auxiliary system can be consider a
closed system. Then any family of evolution operators St dened over HS can
be obtained by tracing out over the auxiliary Hilbert space Haux:
St (ρS) = traux[t(ρS,aux)] (10)
So we can apply the previous result to t, then by the linearity of t and
traux we’ve got
St (q1ρS,1 + q2ρS,2) = q1
S
t (ρS,1) + q2
S
t (ρS,2) (11)
A few comments should be made. For the proof to hold it is essential to con-
vince oneself about the existence of at least one closed quantum system. From a
conceptual basis this is a delicate question. For instance, the program of deco-
herence recognizes the notion of open system as fundamental in the analysis of
the evolution of any quantum system [12]. But with relation to the foundations
of Quantum Theory, two comments must be remarked. First even in decoher-
ence program a closed system must be invoked for the quantum formalism to
be applied, i.e. to use Schroedinger equation we must have a closed system.
So to deny the existence of closed systems invalidates the possibility of using
Schrodinger equation. Second by denition there’s at least one closed system,
namely the Universe. This second argument can be refuted by denying the
possibility of using Quantum Theory to describe the evolution of the Universe,
which amounts to restrict the validity of Quantum Theory, something beyond
its present status.
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In [5] an alternative proof for this same result is given, which seems to violate
postulate 2. In particular Gisin claims that \by measuring [observables] A or
B on the system represented by the Hilbert space κ [Haux in our notation],
one forces the system represented by H into [one mixture or another]". But as
we will argue in the next section, any local action we make upon the auxiliary
system will have a null eect on the system S, due to postulate 2. Note also that
if postulate 3 is changed, this result does not necessarily follow. For instance,
in stochastic models (cf. e.g. [13]) the evolution may not be linear.
3.3 Maximum-Speed Postulate: Criticizing EPR Elements
of Reality and Understanding Bell’s Inequalities
To illustrate how this postulate enters into a typical quantum-mechanical sit-
uation we will discuss the following ideal experimental setup which is used as
an exercise in [14] and which is very close to the arbitrarily fast telephone line

































Figure 1: Ideal experimental setup for Maximum-Speed postulate discussion.
An EPR source produces pair of spin 1/2 particles in singlet state. Then
one of them, say the left one, is directed to a Stern-Gerlach apparatus which
can be oriented both along the Z or the X axis at observer’s will. The other
particle is left to travel to a spatially separated region of the former where it
will enter a Mach-Zender interferometer with a spin-flipper in its upper arm
and in which the rst beam-splitter works as a semitransparent mirror if the
particle has positive or negative spin component along the Z axis, as a fully
transparent glass for particles with positive spin component along X axis and
an opaque mirror for particles with negative spin component along X axis. It
is straightforward to realize that if the particle entering the interferometer has
either positive or negative Z component, then an interference pattern should be
expected on the screen S (cf. g. 1). On the contrary if it has components along
the X axis, no interference pattern should appear on S. Thus the interferometer
may be used to discern whether particle R has spin component along the Z or
along the X axis. Now due to spin conservation and the fact that the pair has
been prepared in a singlet state (S = 0), if particle R has spin component along
Z then particle L will have opposite spin component along Z and the same for
the X axis. Apparently we can conclude that if an observer chooses to measure
the, say, X component of particle L, then inevitably no interference pattern will
show up on S and an observer of this screen can immediately infer which the
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election of observer L was, even though if they are spatially separated from each
other.
But as we will subsequently show, this way of reasoning manifestly violates
the Maximum-Speed postulate. Let the Probability postulate be applied. Then
for any of the two observers, the only physical quantity to be predicted by
Quantum theory is the probability of measuring the spin component of the
right or left particle along an arbitrary axis in general, and along the Z or X
axes in this situation in particular. Let us analize what the probability of, say,
the right particle having positive Z spin component σRz = +1 may be. Since
usual concepts of probability theory are to be applied [3] and since an observer
at the right region is spatially separated from the left one, this probability can
only be chosen out of two possible probability measures, namely the marginal
probability and the conditional probability (cf. [4]). The rst one expresses the
probability of getting σRz = +1 irrespectively of the results of the particle L. The
second one expresses the probability of getting such a physical value conditioned
on the results obtained in a left measurement. Analytically, we must make an
election between Pr(σRz ) and Pr(σRz jσLi ). Notice that this election does not
amount to a matter of taste, this election has direct experimental evidence in
the described gedankenexperiment. To show this let us calculate the expectation
values of σRz under both possible elections. Let us denote him and hic the
expectation values obtained using the marginal and conditional probabilities,
respectively. Let σLz = −1 be the result of a measurement upon particle L.
Then
hσRz ic = (+1)Pr(σRz = +1jσLz = −1) +
+ (−1)Pr(σRz = −1jσLz = −1) =
= +1 (12a)
hσRz im = (+1)Pr(σRz = +1) +
+ (−1)Pr(σRz = −1) =
= 0 (12b)
Notice that this is equivalent to claiming that in the conditional case par-
ticle R is described by the relative state jψj−izrel i for j−iz in particle L, whereas
in the marginal case this particle R is described by the mixture state ρ =
1
2 [j+ih+j + j−ih−j] (cf. [17]). This is the analytical expression for interference
or no interference pattern to be detected on the screen, the election between
conditional and marginal probabilities being the root of all the question.
To perform this election we again invoke the Maximum-Speed postulate
and claim that no reciprocal influence whatsoever from particle L to particle
R can exist, so the probability for the right observer to measure the positive
Z spin component of particle R must be Pr(σRz ). We can then arm that no
interference pattern will appear on the screen. Be realized that the Maximum-
Speed postulate is used to choose between both probabilities, not to claim that
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both probabilities are equal, as it is usually done in Bell’s inequalities proof (cf.
below).
Note that no Hilbert-space formalism has been used at any time in the whole
reasoning, only the Probability and Maximum-Speed postulates have been in-
voked. As a matter of fact the latter has been used twice. First to recognize
that any probability to be measured by an observer makes reference to observ-
ables corresponding to that observer. In other words, observer R has no access
to joint probabilities, but only to probabilities referring to spin components of
particle R. Secondly, this postulate is also used to discern between marginal and
conditional probability measures. Indeed it will be pointed out that these two
probabilities are not equal, as it has already been proven [17], this dierence
being the core of Bell’s inequalities.
Notice that this argument strongly suggests a critique to EPR elements of
reality [6]. Einstein et al. propose what they call elements of reality and give a
sucient condition for a physical quantity to be an element of reality, namely, to
be able to predict with probability one its value without in any way disturbing it.
Then they claim 1 that the spin components of the particles in an experimental
setup as the previous one are elements of reality because its values could be
predicted with probability one and without disturbing whatsoever those values.
The argument reads as follows. If, say, observer L measures the Z spin com-
ponent of particle L, then by spin conservation the particle R will have Z spin
component opposite with probability one and as the particles are in spatially
separated regions there’s no disturbance between each other. Complementar-
ily this conclusion can also be stated on the basis that joint probabilities for
opposite spin components are 1. But this reality criterion does not take under
consideration the role of the observer. From a conceptual point of view the
most important advancement of the theory of Special Relativity is noticing that
space and time are not a priori physical concepts, but that they must be re-
stricted to the process of measurement by an observer with, say, rigid rods and
physical clocks. In other words the concepts of space and time are not indepen-
dent of observers. It is surprinsing that the EPR element of reality does not
make reference to any observer. So to be consistent with the Special Relativity
standpoint it seems natural to modify the EPR element of reality by claiming
that a physical quantity should be considered an element of physical reality if an
observer can predict with probability one its value without in any way disturbing
it. So, as we have argued before, observer R cannot in any way make physical
predictions about particle L, since they are spatially separated. In order the
EPR original argument to be valid there must exist an observer whose predic-
tions are made using joint probabilities Pr(σLi , σ
R
j ), but this is impossible if σ
L
i
and σRj are located at spatially separated regions. Under these circumstances
the spin component of particles L or R cannot be predicted because the only
physical predictions observers L and R can make refer to their corresponding
1As usual we refer to the Bohm version of the EPR gedankenexperiment.
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local observables σLi and σ
R
j , respectively. So EPR theorem does not follow and
Quantum Theory cannot be considered incomplete. Another way of posing this
criticism is to notice that assigning physical meaning to joint probabilities of
spatially separated observables is as unphysical as assigning a priori meanings
to the concepts of space and time.
This line of reasoning also oers a new perspective on Bell’s inequalities.
The more crucial ingredient in Bell’s theorem is what it is known as outcome
independence, in which by resorting to the independence of the outcomes of
measurements upon particles R and L (also spatially separated) it is claimed
that
Pr(σLk jσRk , fµgL) = Pr(σLk jfµgL) (13)
where fµgL denotes any set of parameters aecting a local measurement
upon particle L. But these two probabilities are dierent, as Everett showed
some time ago (cf. [17]). From a conceptual point of view this should be
clear by now since they refer to clearly distinct physical situations as we have
pointed out, but even under an analytical standpoint these two quantities are
dierent (cf. [17], Section III, epigraph 1). The substitution (13) must be in-
voked on physical grounds, i.e. taking care that it does not imply violations
of some physical principles. In our opinion there’s no physical argument le-
gitimizing the substitution (13), the Maximum-Speed principle only settles the
dierence between the two probabilities in (13). In other words, the fact that
σLk and σ
R
k corresponds to spatially separated observables does not mean that
they are stochastically independent but only that an election must be made for
Pr(σLk jfµgL) instead of Pr(σLk jσRk , fµgL) as the physical quantity to be pre-
dicted by an L observer using Quantum Theory. To be able to make physical
assertions upon elements of the σ-algebra of events like σLk jσRk , fµgL we must
be provided with some other principles. The ones we have at our disposal so
far aect the only physical quantities quantum predictions deal with, namely,
probabilities.
Note that this reduces the question of the local/nonlocal nature of Quantum
Theory to a semantic election. If by local it is meant that postulate 2 or some
other related formulation of it is valid, then Quantum Theory is local. If by
nonlocal it is meant that the joint probability Pr(σLk , σ
R
k ) for spatially separated
observables is 1, thus expressing the existence of perfect correlations between
both observables, then Quantum Theory is (also) nonlocal. But remember that
the latter probability is not a physical quantity since there’s no observer related
to it, since any meaningful observer cannot have parts in spatially separated
regions of space. Notice also that under this last convention EPR elements of
reality are elements of nonlocal reality.
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4 Conclusions
We have proposed a set of basic postulates for Quantum Theory. Two of these
amount to clear-cut physical statements upon the nature of the quantities to
be predicted by the theory (Probability postulate) and the possible connection
among these dierent quantities (Maximum-Speed postulate). The last one
(Hilbert-Space postulate) shows a strong mathematical character, suggesting
in our opinion the lack of a denitive physical interpretation. Any attempt
towards new interpretations of Quantum Theory should, we believe, to clarify
the content of this principle in more physical terms.
This election of postulates has relevant consequences both for the formalism
and for its understanding. First Gleason’s theorem emerges from these assumed
principles in a natural fashion. Second the linearity of quantum evolution follows
from them. It also allows us to build a criticism upon EPR elements of reality on
the same basis as the original einsteinean critique to newtonian space and time,
i.e. by claiming that any physical prediction based on a certain quantity should
have a clear operational support, this not being the case for joint probabilities
for spatially separated observables.
Finally a clarication of the outcome independence step in Bell’s inequalities
establishment is also oered. Under the proposed postulates these inequalities
no longer discern between local and nonlocal theories, but only between theo-
ries in which marginal and conditional probabilities are equal or dierent prob-
ability measures. Moreover, it follows from these principles that in Quantum
Theory the dierence between these two probabilities stems from the fact that
the Maximum-Speed postulate is satised.
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